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Shaun Bullett ( )
( )
Abstract
S.Bullett C.Penrose Mating quadratic maps with the mod-









S.Bullett C.Penrose [1] 2
(limit set)
- 2 - (discrete
grouP)
2 (mating)
2 $[0, \infty]$ $0$ $\infty$
– $[0, \infty]/0.\sim\infty$ $\mathrm{R}/\mathrm{Z}$ .
$a_{0}+ \frac{1}{a_{1}+\frac{1}{a_{2}+}}\ldotsrightarrow 0\cdot 00..011..100..0\vee\vee\vee a\mathrm{Q}a_{1}a_{\iota}\ldots$
$0$ 1 $[0, \infty]$ $z-\succ z+1,$ $z-\succ z/z+1$
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$\mathrm{R}/\mathrm{Z}$ \theta $rightarrow\theta/2,$ $\theta-\succ\theta/2+1/2$ 1
$z-\succ-Z$ , \theta \mapsto $(1 -\theta)$





$z\mapsto z+1,$ $z\vdash+_{Z}/z+1$ 2
$\mathrm{R}\mathrm{U}\{\infty\}$ -
$J_{c}$ 2 $q_{\mathrm{c}}(z)=z^{2}+c$ Jc
$\mathrm{R}/\mathrm{Z}$ 2
\theta \mapsto 2\theta 2 $q_{c}$ K
$K_{C}^{+},$ $I1^{\nearrow-}c$ 2 $J_{\mathrm{C}C}^{+},$$J^{-}$ $\mathrm{H}^{2}$
( $0$ $\infty_{\text{ }}0$ $-\infty$ – ) $[0, \infty]/0\sim\infty$ ,
$[-\infty, 0]/-\infty\sim 0$ $K_{c}^{+},\mathrm{H}^{2},\mathrm{A}_{\mathrm{C}^{-}}$
’
2 $K_{\mathrm{c}}^{+}$ $q_{\mathrm{c}}^{-1}$ : $z^{+}rightarrow\pm\sqrt{z^{+}-c}\text{ }$
$\mathrm{H}^{2}$ $z\vdasharrow z+1$ $z-\succ z/z+1_{\text{ }}K_{\mathrm{C}}^{-}$ $q_{\mathrm{c}}$ $z^{-}-\succ-Z^{+}$
2 . ( ) 2
S.Bullett C.Penrose 2.. 2 (2:2
correspondence)
3 (map of triples with graph a
single sphere) 2:2
2 ( )
Theorem 1.1 3 f
(contact condition) $\circ$ f 2 (double point)
. (involution) $\text{ }.\text{ }f$ $a$
$( \frac{az+1}{z+1})^{2}+(\frac{az+1}{z+1})(\frac{aw-1}{w-1})+(\frac{aw-1}{w-1})^{2}=3$
2:2 $f$ : $zarrow w$ $a$
$4\leq a\leq 7$ $\rceil j$ $f$ - (f-completely
invariant) \Omega A $f$
:
1. f 2 \Omega 1
–
.2. A (forward invariant) A+ $f^{-1}$ - (backward
invariant) A- (contact point)
157
$f$ 1- A- $\Lambda_{-}$ 2 f 1 A-
$\Lambda_{+}$ $f^{-!}$ 1 $\mathrm{A}+$ $\Lambda+$ 2 $f^{-1}$
1 $\text{ }\Lambda_{+}$ $\Lambda_{-}$
Theorem 1.2 3 $f$ $f$
2 $f$ $a$ $k$
$( \frac{az+1}{z+1})^{2}+(\frac{az+1}{z+1})(\frac{aw-1\backslash }{w-1})+(\frac{aw-1}{w-1})2=3k$
.
2:2 $f$ : $zarrow w$ $1/4\leq k\leq 1$
. $a_{\min},$ $a_{\max}$ : $[$ 1/4, $1]arrow[1,7]$ $a_{\min}(1/4)=a_{\max}(1/4)=1_{f}$
$a_{\min}(1)=4,$ $a_{\max}(1)=7$ $1<a_{\min}(k)<a_{\max}(k)$
$1/4<k<1$ $a_{\min}(k)\leq a\leq a_{\max}(k)$ f-
2 \Omega A . $f$
:.
1. $f$ \Omega $(\mathrm{d}\mathrm{i}_{\mathrm{S}\mathrm{c}\mathrm{o}\mathrm{n}}\mathrm{t}\mathrm{i}\mathrm{n}\mathrm{u}\mathrm{o}\mathrm{u}\mathrm{s})$
2. A $f$- A+ f-1- A- disjoint
Kc 2
$q_{c}(z.)=z^{2}+c$ $\Lambda_{-}$ hybrid f
hybrid A- K 2
$q_{c}(z)=z^{2}+c$ $\Lambda_{-}$ hybrid $f^{-1}$
hybrid A+ $I\mathrm{f}_{c}$ f 1 A-













$\mathrm{f}^{\text{ }}\mathrm{F}\mathrm{F}\mathrm{F}(\mathrm{f})$ $z$- , $w$- $\pi_{2},$ $\pi_{1}$
$7$ $2(z, w)=z,$ $\pi_{1}(z, w)=w$ $\Gamma(f)$ 3 $I_{1}$ , $I_{2}$ , $\tilde{J}$
$I_{1}(x, z).=(y, z),$ $I_{2}.(X, Z)=(X, Jy),\tilde{J}.(X, z).=(JZ, Jx).$
‘
$I_{1}I_{2}I_{1}=I_{2}.I_{1}.I_{2}=$ J $.I_{1},$ $I_{2}$
6 2 $.\text{ }$ $3\text{ ^{ } _{ } }$
$\Gamma(f)$
$\Gamma\overline{(f})$ $\Gamma(f)$ z- , $\mathrm{w}$ - \mbox{\boldmath $\pi$}2, $\pi_{1}$ FFCff)









$z$- , $w$ - $\hat{\pi}$2, $\hat{\pi}_{1}$ $.$
. 3
$f$ $\mathrm{n}:\mathrm{n}$ $f$ : $zarrow w$
$z_{0}$ $f$- (forward singular point) $f(z_{0})$
$\mathrm{n}$ w0 $f^{-1}$ - (backward singular point)
$f^{-1}(wo)$ $\mathrm{n}$ $z_{\mathit{0}}$ f- (forward critical
point) $z_{0}$ f 1 F $(z_{0})=0$
$w_{0}=F(z\mathrm{o})$ f- (forward critical value)
wo $f^{-1_{-}}$ (backward critical point) $w_{0}$
$f^{-1}$ 1 $G$ $\frac{dG}{dw}(w_{0})=0$
$z_{0}=G(w_{0})$ $f^{-1_{-}}$ (backward critical value) $f^{-1_{-}}$
$f$- : $f$ - $f^{-1_{-}}$
( $\Gamma(f)$ ) ( \mbox{\boldmath $\pi$}1 $\pi_{2}$
$\pi_{2}$ )
$f$ 3 (reversible map of triples) $f$
$p(z, w)=0$ 2 $p$ ( $z$ , w)=O. w-
z 4 4
1. 2 2 ( 2 )
2. 2 1 ( $\pi_{2}$ ) 2 (
)
3. 4 ( )
4. 4 1 ( 2 q )
5. 3 1 ( )
(4) $\underline{C(}J_{Z}$ ) $=C(w)$ $C$ 3
(5) $\text{ }\hat{I}_{1},\hat{I}_{\mathit{2}}$ $r(f)$ 4
3
(1) (2) (3) (3) – –
$\text{ }$













$/_{\nearrow}\sim_{l;}\underline{\mathrm{J}}‘ 8\backslash \cdot.\sigma 1\mathrm{a}^{\frac{f}{\exists}})$
$( \mathrm{Z}_{\mathrm{t}}i^{\backslash }..2\bigotimes_{\wedge},\vdash\theta g)*\cdot,8_{]}^{X}-)$
Jz2 $Jz_{1}$ 3 $C(z)$ 3
$Jz_{1}=C(Jz1)=\infty$ $C(z)$ 2
$\{\pm 1\}$ $C(z)$ $C(z)=z^{3}-3z$






2 $J$ $J$ 2 $.\{c, \infty-,. \}(c\in \mathrm{C})$
$f$
$(z-2C)^{2}-(Z-2C)w+w2=3$
$c_{1}$ $c_{\mathit{2}}$ $c_{\mathit{2}}=-c_{1}$ (
) 2 $J$ $J$ 2
$\{p, q\}$ 1 $\infty$ $\{0, \infty\}$
$\{p, q\}$ 2 -
$M(z)= \frac{qz-p}{z-1}$
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- $M( \frac{1}{z})$ $MJM^{-1}(z)=-Z$ $f$
$M(-Z)^{2}+M(w)M(-Z)+M(w)^{2}=3$
( $M( \frac{1}{z})$ ) $P\neq 0$
$a=q/p(\neq 1),$ $k=1/p^{2}(\neq 0)$
$( \frac{az+1}{z+1})^{2}+(\frac{az+1}{z+1})(\frac{aw-1}{w-1\backslash })+(\frac{aw-.1}{w-1})2=3k$
$(a_{1}, k_{1})$ $(a_{2}, k_{2})$ $a_{2}=1/a_{1}$ $k_{2}=k_{1}/a_{1}^{2}$
$f$- 2 -1 2
$- \frac{2\sqrt{k}-1}{2\sqrt{k}-a},$ $- \frac{2\sqrt{k}+1}{2\sqrt{k}+a}$
$f^{-1}$ - 2 $1_{\text{ }}2$
$\frac{2\sqrt-1}{2\sqrt{k}-a}$ $\frac{2\sqrt{k}+1}{2\sqrt{k}+a}$








z- , $w$- 2, $\hat{\pi}_{1}$ #2
$\mathrm{x}$- 12 $\{0, -2\}$ \mbox{\boldmath $\pi$}^2 z- 2
\mbox{\boldmath $\pi$}^2(0) $=- \frac{2\sqrt{k}-1}{2\sqrt{k}-a}$ ( ) 2
$x$- 2 Il, $\hat{I}_{2}$ 3 llI2
$e^{2\pi i/},$$e3-2.\pi i/3$ $\hat{\pi}_{2}$ z- 2 -1
$z=\hat{\pi}_{2}(x)$ $x$ - u-
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$e^{2\pi i/3},6^{-}/3,02\pi i,$ $-2$ $\infty,$ $0,1,$ $-1$ $u= \frac{1-\mathrm{e}^{2\pi i/3}x}{1-\mathrm{e}^{-2\pi}xi/3}$
u- $\zeta-$ $\infty,$ $0$ $\infty$ $1,$ $-1$ $2\sqrt{k},$ $-2\sqrt{k}$
2 \mbox{\boldmath $\zeta$} $=\sqrt{k}(u+1/u)$ $\zeta$- z-
$\infty,$




$\hat{\pi}_{2}(0)$ $=- \frac{2\sqrt{k}-1}{2^{\sqrt{k}-a}}$ $x$ - $\infty,$ $- \frac{1}{2}$
$\hat{\pi}_{1}$ $w$- 2
$\hat{\pi}_{1}(\infty)=\hat{\pi}_{1}(\tilde{J}(0))=J\hat{\pi}_{2}(0)=\frac{2\sqrt{k}-1}{2\sqrt{k}-a}$
( 2 3 (re-
versible map of triples with graph a pair of spheres) )
2 3 2
2 $\{0, \infty\}$ $C(z)=z^{3}$





1 ( $w-e^{\mathit{2}\pi i/3}J_{Z)(eJ_{Z})}w--2\pi i/3=0$
$PSL_{2}(\mathrm{Z})$ 2 3 $C_{2^{*C_{3}}}$






[2] attractor block ) $f(\overline{D})\subset D^{\mathrm{O}}$
$\Gamma(f)\cap(\overline{D}\cross\overline{D^{\mathrm{c}}})=\emptyset$ $f^{-1}(\overline{D^{c}})\subset(D^{C})^{\mathrm{o}}$
$D^{c}$ $f^{-1}$
Definition 3.2 $D$ $f$
(attractor) $\Lambda_{+}(D)$ (repeller) $\Lambda_{-}(D)$





(1) $\Lambda_{+}(D)\mathrm{n}\Lambda-(D)=\emptyset$ . $\cdot$ .
(2) $f(\Lambda_{+}(D))=\Lambda_{+}.(D)$ . .
(3) $f^{-1}.(\Lambda_{-(D))}=\Lambda_{-}(D)$ .
(4) $z\in D\backslash f(D)$ $O_{+}(z)\cap(D\backslash f(D))=\emptyset$ .
(5) $z\in D^{c}\backslash f^{-1}(D^{c})$ $O_{-}(z)\cap(D^{C}\backslash f^{-1}(D^{c}))=\emptyset$ .
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Definition 3.3 $\dagger j-$ $D$ $f$ (contact









(4) $z_{f}$ $z\in D\backslash f(D)$ $o_{+}(Z)\mathrm{n}(D\backslash f(D))=\emptyset$ .
(5) $z_{f}$ $z\in D^{c}\backslash f^{-1}(D^{c})$ $O_{-}(z)\cap(D^{C}\backslash f^{-1}(D^{c}))=\emptyset$ .
f ( )
Definition 3.4 $D$ $\iota j$
3 f ( ) (equivaliant (contact) direc-







$G$ $z$ $U$ $g(U)\cap U\neq\emptyset$
$G$ $G$ $g$ $g(z)=Z$
$G$- \Omega $G$ $\Omega$ \Delta
\Omega $G$- ( $G$-orbit) $\triangle$ 1
$f$ f $f$
$z_{0}$ $U_{0}$ F
$e_{i}\in\{\pm 1\}(i=1,2, \cdots, n)$ $z_{i}(i=1,2, \cdots, n)$
$z_{i}\in f^{e:}(z_{i-1})$ z’ $U_{i}(i=1,2, \cdots, n)$ $f^{e}$ ‘ $(U_{i-1})$
z $U_{0}$ , $U_{1},$ $\cdots,$ $U_{n}$
$f^{e_{*}}$ $\mathrm{n}$ $F$ U 1
$z\in\hat{\mathrm{C}}$
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$f$ $z$ U $F(U)\cap U\neq\emptyset$
U $f$ $F$ $F(\{z\})=\{z\}$ f-
\Omega $f$ $\Omega$ \Delta \Omega
z $f$-grand orbit $GO_{f}(z)$ $\triangle$
1
Theorem 3.1 $f$ 3
$\triangle$ < $\hat{I}_{1},$ $I_{2}>$ $\Gamma\overline{(f}$) $D=\hat{\pi}_{2}(\overline{\triangle})$
$f$ ( ) $\Lambda_{+}(D)$
$\mathrm{A}_{-}(D)$ $\Lambda(D)$ $\Lambda(D)$ $\mathrm{C}$
$\Omega.(.D)\backslash \cdot$..
1. $f$ $\Omega(D)$





3. $f^{-1}$ – A+(D) $\Lambda_{+}(D)$ 2 1 -
A+(D) $\Lambda_{-}(D)$ f – A$-(D)$
A$-$. $(D)$ 2 1 $-\text{ }\mathrm{A}_{-}(.D)$ . $\Lambda_{+}.(D)$:
.
4. J $D\cap J(D)$ $f$ $\Omega(D)$
( )
$D=\hat{\pi}_{2}(\Delta)$ $\triangle \text{ }<I_{1},\hat{I}_{2}>$
$(f(D))^{c}=(JD)^{\mathrm{o}},$ $\text{ }f(D)=f-1(JD),$ $(f^{-1}(JD))c=D\mathrm{o}$
$D\backslash f(D)=D\cap(JD)^{\mathrm{o}},$ $JD\backslash f^{-1}(JD)=D^{\mathrm{O}}\cap JD$ .
$D^{\mathrm{O}}\backslash f(D)=(JD)^{\mathrm{o}}\backslash f^{-1}(JD)=D^{\mathrm{O}}\cap(JD)^{\mathrm{o}}$.
$D$ $f$ $f^{-1}(JD)$ $f^{-1}$
$\Omega(D)$ $D^{\mathrm{O}}\backslash f(D),$ $f^{n}(D)\backslash f^{n+1}(D)=f^{n}(D\backslash f(D))(n\geq 1)$ ,
$f^{-n}(JD)\backslash f^{-}(n+1)(JD)=f-n(JD\backslash f^{-1}(JD))(n\geq 1)$ disjoint
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$Jf^{n}(D)=f^{-}n(JD)$ $J$ $f^{n}(.D\backslash f(D))$ $f^{-n}(\text{ }D\backslash f^{-1}(JD))$
A$-(D)= \bigcap_{n>1}f^{-n}(JD)$ $J\Lambda_{+}(D)=$
$\mathrm{A}_{-}(D.)’$ . $f^{n}(D\backslash f(D))$ $f^{-1}$ – $f^{n-1}(D\backslash f(D))$
2 1 - $f^{-n}$. $(\text{ }D\backslash f^{-1}(JD))$
$f$ J $f,$ $f^{-1}$
$f$ 2 3
$f$ $\Omega(D)$
Theorem 3.2 $f$ 1] 3
$\triangle$ < $\hat{I}_{1},$ $I_{\mathit{2}}>$ $\Gamma\overline{(f}$) $D=\hat{\pi}_{\mathit{2}}(\overline{\triangle})$
f ( )
1. $D$ \mbox{\boldmath $\pi$}^2 1
2. $\Lambda_{+}(D)$ $\Lambda_{-}(D)$ full $\hat{\mathrm{C}}\backslash \Lambda_{+}(D)$ $\hat{\mathrm{C}}\backslash \Lambda_{-}(D)$
\Omega (D) .




(1) $D$ \mbox{\boldmath $\pi$}^2 2 2 $D$ $D^{\mathrm{o}}$
2 . f
-1 $(D^{\mathrm{O}})\cup\{0,.-2\}$ \mbox{\boldmath $\pi$}^2
$\{0, -2\}$ 2 2 $\{(-1\pm i\sqrt{3})/2\}$
$\{(-1\pm i\sqrt{3})/2\}$ 120 $\hat{I}_{1}\hat{I}_{2}$
$\triangle\cap\hat{I}_{1}\hat{I}2(\triangle)$ $\triangle$ < $I_{l},\hat{I}_{2}>$





(2) (1) $D^{\mathrm{O}}$ full $\hat{\gamma_{1}}2$
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full $D^{\mathrm{O}}$
full $f$ full -
$n\geq 0$ $f^{n}(D)$ full nest
full $J$
full - f
1 $J|\backslash \backslash zf\mathit{5}$
\Omega
(3) $f(D)=\text{ }((D^{\mathrm{O}})^{c})$ $f(D)$ $f^{n+1}(D)$
$f^{n}(D)$






$. \text{ _{{}^{t}}\mathrm{O}\backslash \mathrm{c},-\prime\iota^{\vee}}\wedge\sim,\bigotimes_{\nearrow}^{\backslash }\wedge$
,




$- \frac{1}{\mathit{2}}$ 1 $Re(x)=- \frac{1}{\mathit{2}}$
4 $<\hat{I}_{1},\hat{I}_{2}>$ x-
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Lemma 4.1 $0<k\leq 1$ $a\neq 1$ $|a-4|\leq 3$
$D=\hat{\pi}_{2}(\triangle)$
$( \frac{az+1}{z+1})^{2}+(\frac{az+1}{z+1})(\frac{aw-1}{w-1})+(\frac{aw-1}{w-1})2=3k$










$f$ : $zarrow w$ $[z_{0}, z_{1}]$ nimodal)
$f^{-1}$ ( $[z0, z_{1}]$ $[z\mathit{0}, z_{1}]$
1 $z_{0}$ $z_{1}$ $z_{0}$
) amin $(k)\leq a\leq a_{\max}(k)$
$[-z_{0}, -Z_{1}]$
1




2:2 $f$ : $zarrow w$ $a$
$4.\leq a\leq 7$ f- .
\Omega A f :
1. f 2 \Omega 1
–
2. A $f$ - A+ f-1- A-
f 1 A- $\Lambda_{-}$ 2 f
1 A- $\Lambda_{+}$ $f^{-1}$ 1 $\Lambda_{+}$ $\Lambda_{+}$
2 $f^{-1}$ 1 $\Lambda_{+}\text{ }\Lambda_{-}$
( )
Theorem 3.1, Theorem 32 Lemma 4.1, Lemma 4.2
$\Omega(D)$ $f,$ $f^{-1}$ 2 $\{\pm 1\}$ \Omega (D)
$f,$ $f^{-1}$ A(D) Lemma 4.1 f $D$
$\Omega(D)$ f 2 $f1$ , f2 1
\Omega (D) $f$ 2 $f1f_{2}-1f1$ $f_{2}^{-1}f1$ 2 3
$\Omega(D)$ $f$ Lemma
4.1 $D\cap*T\Gamma$) -f $\mathrm{Y}1\sim$
\Omega (D) $\mathrm{H}$ \mbox{\boldmath $\phi$} $\phi$
$\Omega(D)$
170
$\phi(\infty)=i,$ $\phi(-1)$ 2 \mbox{\boldmath $\phi$}
$\phi J\phi^{-1}(Z)=-\frac{1}{z}$ $a$
$\text{ }\phi \text{ }\frac{1}{\overline{z}}$ $\Omega(D)$ $\mathrm{H}$
1 \mbox{\boldmath $\phi$}f-l\mbox{\boldmath $\phi$}
$\text{ ^{ _{}-}\frac{1}{z}}$ $\phi(D\cap JD)$ ( ) $\mathrm{H}$
$\Delta\nearrow$) 9m[ 4t‘ ), $\neq$ - $\bigwedge_{-}j$} $\grave{\grave{\mathrm{a}}}-$ $l_{\llcorner}^{}$ \yen , $\lambda_{-}$ \neq $\mathrm{p}_{\text{ }}1-$
Theorem 4.2 3 $f$ $f$
2 $f$ $a$ $k$ $y$.
$( \frac{az+1}{z+1})^{2}+(\frac{az+1}{z+1})(\frac{aw-1}{w-1})+(.\frac{aw-1}{w-1})^{2}=3k$
2:2 $f$ : $zarrow w$ $1/4\leq k\leq 1$
$a_{\min},$ $a_{\max}$ : $[$ 1/4, $1]arrow[1,7]$ $a_{\min}(1/4)=a_{\max}(.1/4)=1$ ,
$a_{\min}(1)=4,$ $a_{\max}(1)=7$ $1<a_{\min}(k)<a_{\max}(k)$
$1/4<k<1$ $a_{\min}(k)\leq a\leq a_{\max}(k)$ 1) f-
2 \Omega A $f$
:
1. f \Omega
2. A $f$ - A+ f-1- A- disjoint
K 2 $q_{c}(z)=$
$z^{2}+c$ $\Lambda_{-}$ hybrid $f$ hybrid
$\Lambda_{-}$ $I\zeta_{c}$ 2 $q_{\text{ }}(z)=z^{2}+c$
$\Lambda_{-}$ hybrid $f^{-1}$ hybrid A+
$K_{c}$ .f 1 A- $\Lambda+$
$f^{-1}$ 1 A+ $\Lambda_{-}$
( )





[1] S.Bullett and C.Penrose: Matings quadratic maps with the modular
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